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Abstract 

The existence of extremal functions for the Sobolev trace inequali- 
ties is studied using the concentration compactness theorem. The con- 
jectured extremal, the function of conformal factor, is considered and is 
proved to be an actual extremal function with extra symmetry condition 
on functions. One of the limiting cases of the Sobolev trace inequalities 
is investigated and the best constant for this case is computed. 

1 Introduction 

The classical Sobolev inequalities on R" and the Sobolev trace inequalities 
on R^^ are given by 

J2: (^J^Jf{x)\^dx^ <Cr^s(^J^J^f{x)\^dxy l^l-K (1) 

C^^ , where Cr^s is a positive constant independent of the function /, and 

P^" ' r \ 1 u+1 1 



P ■ \.f{x)\'dx < A 



P,q / \Vu{x,y)\Pdxdy , - = 



R" / VJr"+i q np n 



jrt . where u is an extension of / to the upper half-space, and ^p,g is a positive 

constant independent of the function u. In general, Sobolev inequalities provide 
estimates of lower order derivatives of a function in terms of its higher order 
derivatives. Recently, the importance of having the sharp form of the inequalities 
k> \ has been recognized. For example, the solution to the Yamabe problem turns 

^ • out to depend on knowledge of the best constant of (|l|) . In order to obtain the 

5t ! sharp form of inequalities, we often consider the variational problem associated 

with it. Then, we ask if an extremal function (a minimizer or maximizer) exists 
subject to some constraints. In fact, the question of existence of an extremal 
function of the inequality is directly related to that of existence of a solution 
to the partial differential equation (Eulcr-Lagrange equation) corresponding to 
the variational problem. 

The sharp form of the Sobolev trace inequality for the case p — 2 and n > 1 
is 



(/j/(a^)l^"/^"-^^d-) "<■ 



1 1 



r(n) 

T{n/2) 




\Wu{x,y)\ dxdy 



and extremal functions for this inequality are given by f{x) = {l + \x\'^)~^^~^^^'^. 
Since this inequality is conformally invariant, the extremal function given above 
is unique up to a conformal automorphism. W. Beckner H proved this by invert- 
ing the inequality to a fractional integral on the dual space and using a special 
case of the sharp Hardy-Littlewood-Sobolev inequality. Independently, J. Es- 
cobar [pi proved this by exploiting the conformal invariance of this inequality 
and using characteristics of an Einstein metric. He defined a new metric confor- 
mal to the Euclidean metric on the ball, and proved that the metric is, in fact, 
an Einstein metric based on the information obtained from the Euler-Lagrange 
equation of the inequality, which implies that the new metric has zero curvature 
with constant mean curvature on the boundary. 

An extremal function for the Sobolev trace inequality for 1 < p < n + 1 

\f{x)\'^dx]'' <Ap.J f \Vu{x,yrdxdy] , i = !i±l - i (2) 

was conjectured as the function of the form f{x) = (1 -f |2;p)~("+i^P)/^(P^i). 

First, we will be concerned with the existence of extremal functions for the 
Sobolev trace inequalities when l<p<n-|-l. In the study of the existence of 
extremal functions, a compactness problem arises when we deal with inequalities 
defined on the spaces which are invariant under dilations and translations. In the 
case of the Sobolev trace inequalities, this question can be put in the following 
context. Let T be the trace operator mapping W^'PCR") to L''(R") where 
- = ^iii — —. Then T is a bounded linear operator. Now we consider the 
smallest positive constant Apq with which the inequality (0) holds for all u in 
H/^'P(R") and we ask if the best constant Apq is attained for some function 
u. The question concerning the constant Ap^g is equivalent to the following 
minimization problem: 

Vu{x,y)\Pdxdy : u G M/^^p(R"), f \f{x)\'^dx = 1 i , 

where u is an extension of / to the upper half-space. It is evident that {'^ 
remains unchanged if we replace u by a~"''^u{-/a) for tr > 0. This implies 
possible defects of compactness on minimizing sequences of the problem in the 
sense that if w is a minimizer, then Wo- — cr^"' '??i(-/cr) will be another minimizer 
for each a, and if we let cr ^ or cr ^ oo, then (ua-) converges weakly to (which 
is certainly not a minimizer) and (|mo-|'') either converges weakly to a Dirac 
delta function as ct ^ 0, or spreads out as a — > oo. Using the concentration 
compactness principle of P. L. Lions p2[ , it is proved that any minimizing 
sequence of the variational problem of the Sobolev trace inequality is relatively 
compact in L9(R") up to translations and dilations, and there exists an extremal 
function. 

We will look at the conjectured extremal function Isl for the Sobolev trace 
inequality. We can prove that this function is an actual extremal if we assume 
extra symmetry for the functions considered. In particular, we will consider a 




space of functions of conformal factor [(1 + ijY + \x\'^], where {x,y) € R""'""^. 
Then, by simple argument, we can easily show that it is indeed a minimizer for 
the Sobolev trace inequality restricted on the functions of conformal factor. 

We will treat the Sobolev trace inequality for the case with p = 1 separately. 
The existence of the extremal function for this case is not guaranteed by the 
argument used for p with 1 < p < n+1. This case can be thought of as one of 
the limit cases of the inequality and is very closely related to the isoperimetric 
inequality. We will show that the extremal function does not exist for this 
particular case. The sharp constant will be computed using a rearrangement 
technique on the functions on R""*"^. 

2 Concentration compactness lemmas and the 
existence of an extremal function 

The Sobolev trace theorem tells us that there is a bounded linear operator 
from W^''P{'RJ^^) to L'5^(R") (which is called the trace operator) where l/q = 
{n+ l)/np— 1/n. This means that there exists a positive constant Co for which 
the following inequality holds for any u G VF^'''(R"^^): 

1/, / . \ Vp 




|M(x,0)|«da;J < Cq | / \\Iu{x,y)\Pdxdy 

The question we want to ask is whether there exists an extremal function for 
which the best constant is attained. To that end, we look at the following 
minimization problem: 

infJj(w)EE/ \\Ju{x,y)\Pdxdy:f\u{x,Q)\''dx = l,u(^W^'P{:Rl+^)\. (3) 

If an extremal function for (0) exists, then it must satisfy the following Euler- 
Lagrange equation: for a positive constant C, 

div(|Vw|P"2Vw) = 0, on K'l+^ \ 

)■ (4) 

|Vu|P-2|| + C|u|«-2y = o, on 9R';+i J 

Consider a minimizing sequence (u/j) for (^. From the trace theorem, we know 
that the infimum is finite and we denote it by I. So we have 



I = lim J(ufc), 

k — *oo 
with r. 

Uk £ W^^'P(R"+^) and / \uk{x,0)\''dx = 1 for each k. 
Jr" 

Now (uk) is a bounded sequence in W^'PCR/^^) and in _L''(R"). We can find 
a subsequence (which we will also denote (ufe)) and u £ Ty^'P(R"^^) such that 



(life) converges weakly to u in W^-^'P(R"^^) and (ufe(x,0)) converges weakly to 
u{x,0) in L*{R"). Since the integrand of J(-) is convex, J(-) is lower semicon- 
tinuous and we have 



J(m) < liminf J(Mfe) 

k — ^oo 



and 



If 



|L<!(R") 



< lim inf | 

k — >QO 



Uk\\Li(TL" 



|l9(R") = 1, then w is a minimizer. So the real question is whether or 



not ||u||i,(R^) = 1. Since J(-) and the L9(R" 
translations and under the scaling 



norm are invariant under the 



{v{-) 



a ««( — )} 
a 



for any cr > 0, we may be so unfortunate as to choose a minimizing sequence 
which has possibilities of failures of the compactness. But a good news is that 
we can design translations and dilations to avoid the failure of compactness 
by the concentration compactness theorem. The proof of the existence of an 
extremal function for the Sobolev trace inequality was sketched by P. L. Lions 
in his paper |12[ . His proof is based on the concentration compactness theorem. 
We start by stating the concentration compactness lemmas. Hereafter Br{x) 
represents the ball centered at x with radius r in R", R"+^, or R^, which will 
be clear in the context. 

Lemma 1 (Concentration Compactness I) Let (pk) be a sequence in L\'R^) 
satisfying pk > in R^ and J-^^ Pkdx = X (X fixed). Then there exists a 
subsequence (pk) of (pk) satisfying one of the following possibilities: 
(i) (Compactness) there exists a sequence (yj) in Ti^ so that for any £ > 
there exists R G (0,oo) such that 

Pk^{x)dx > A - £. 

In this case, {pk{ ■ + Vj)) is ca^fed tight. 

(ii) (Vanishing) for any positive real number R, 



lim sup / Pk {x)dx — 0. 

{Hi) (Dichotomy) there exists a G (0, A) such that for e > 0, there exist jo > 1 
and sequences {rjj), {(,j) £ L^CR^) satisfying for j > Jq, 

\\pk, - iVi +6)IUi(R-") <^' 



R" 



r/j{x)dx 



<£, 



R" 



^j{x)dx — (A — a) 



<£, 



and dist(supp rjj, supp fj) — + cxd as j -^ cxd, 

where dist{A, B) = mi{d{a, b) \ a £ A and b G B}. 



Lemma 2 (Concentration Compactness II) Let /i, i/ be two bounded non- 
negative measures on R^ satisfying for some constant C > 

/ Ivl'dA ' <c(j \^\l'd,^ ^ (^eC-(R^) (5) 

where 1 < p < q < oo. Then there exist an at most countable set C, families 
{xi)i£C of distinct points in R^, and {i'i)iec in (O^oo) such that 



v = Y^n5.,. fi>C-'^Y.''i^'^-- 



lec lec 



Thus, in particular, '^i^^i^i < oo. //, in addition, i'{'R^)^''^ > Cijl(R^)^'p , 
then C reduces to a single point and ly — j 6x(, — 'y^^''^C^fJ,, for some xq £ H^ 
and for some constant 7 > 0. 

We want to prove that there exists a function for which the following infimum 
I is attained: 



infJj(u) = / \\7u{x,y)\Pdxdy:f |w(x,0)|«da; = 1,m e W^^'P(R!^+^) I . 



(6) 



We will replace H/1'P(R!|:+^) by VF1'P(R"+1) without loss of generahty. In this 
section, we will assume that p > 1 and this will ensure that p < q, which we 
need to apply Lemma in the proof of the following theorem. The case for 
p — I will be treated later separately. 

Theorem 3 Let (uk) be a minimizing sequence of m). Then there exist (a^) 
in (0,00) and (wk) in R" such that the new minimizing sequence (ufe) given by 

21 / X — WL' Zl \ 

iik{x,y) =af. "uki , — , a; G R", y G R 



relatively compact in L^(R"). Ln particular, (|6|) h 



as a minimum. 



1+1, 



Proof: Let Pkix,y) = \Vukix,y)\P + \ukix,0)\i ^ Soiy) + \uk{x,y)\—'i. Then 
Pfe > and Jj^„+i Pk{x, y)dxdy ^ i > 1+ 1 by the Sobolev embedding theorem. 
The idea is to show that we can prevent vanishing and dichotomy occurring for 
this sequence of functions by judicial choice of dilations and translations, so that 
we conclude the claim of the theorem by Lemma ffl. Consider the concentration 
function Qf. of Pf. defined as 

Qkit) = sup / Pk{w,s)dwds for ^ > 0. 

(2:,a)eR"xRJBt((x,y)) 

Then {Qk) is a sequence of non-decreasing continuous functions on R+. For 
(7 > 0, consider the concentration function Q^ of 

Pkix,y) = \Vukix,y)\P + \ukix,0)\''(g>So{y) + \uk{x,y)\'^'', 



where u/c(x, y) is defined as in the statement of the theorem with (Jk = c. Then 
we have Q%{t) = Qk{—)- So, we see a chance of vanishing occur. In order to 
avoid that, we take a sequence (cfe) of dilations so that Q^*(l) = j- Wc can 
see that 

Hm sup / Pk{w,s)dwds > — for i? > 1 

fe^°°(2;,y)GR"xRJi3H((a;,y)) 2 

since Q'^'' (t) > i for t > 1. We prevented vanishing occurring by the choice of 
dilations. We will denote the new minimizing sequence 

^k ''ukix/c7k,y/crk) 
by (wfe). Now we show that dichotomy does not occur. 
Lemma 4 The dichotomy does not occur. 

Proof : Suppose it occurs. Then there exists A* e (0, L) such that for any 
e > there exist {wk,Wk) G R" x R and Rk, k ~ 0,1,2,- ■ ■ with Rk > Rq (for 
fc — 1, 2, • • • ) and Rk ^ oo so that 



BR„((Wk,Wk)) 



Pk{x,y)dxdy 



<e. 



(L-X*)- I Pk{x,y)dxdy 

[BR^((wk.wk)W 



<e, 
Pk{x,y)dxdy < e, 

I Ro<\(x,y)-(wk.Wk)\<Rk 

SUpp [PkXBn„{{wk,Wk))\ C Bii„{{wk,Wk)), 

SUpp[Pkil-XBn.J{wk,Wk)))] C [BR^{{wk,Wk))f, 

dist(supp[PkXBi,„{{wk.wk))],snpp[Pk{l - XBnk({wk,wk)))]) 

> dist {Bji„{{wk,Wk)), [Bji^{{wk,Wk))]'^) — 
Consider $, ?; <E C^(R"+^) satisfying < ^, ry < 1, and 



as k 



^{x,y) 
r]{x,y) 



1 if |(a;,y)|<l 

if |(a;,y)|>2, 

if|(x,y)|<i 

1 if|(x,y)|>l. 



We may take Ri so that 4Ri < Rk for fc = 2, 3, ■ 



c f ._ c^x-wk y~wk. , , _ , 

^k(x,y) = ^[ — 5 ,^ — ) and rik{x,y)^r]{ 

We look at the following quantity: for k large enough, 



Define 

x-wk y-Wk. 



Rk 



M = / \Wuk\^dxdy- 



R" + i 



\V{uk^k)\^dxdy- 



R"+i 



l^iukVkWdxdy 



\\7uk\^dxdy 

= Ml - M2 - M3. 
First, we have 



V {ukS,k)\^ dxdy - I \V{ukT]k)\''dxdy 



Br, —B 



k "4 Hi. 



Ml < / Pkix,y)dxdy < e. 

J R.a<\(x,y)-(wk,Wk)\<Rk 

Using Holder's inequality and the Sobolev embedding theorem together with 
the assumptions in the beginning of the lemma, we show 



ml'" < 



< 



i/p 



\VuunikY'dxdy 



i/p 



\uky\V^k\''dxdy 



\\I Uk\" dxdy 



Br, —B 



ak^-""o 



B2Rr^ —Br-^ 



ivarkfcrrfxdy 



< e 



i/p 



\\/(kr+^dxdy) 



\uk\"" "^dxdy 



i/p 



("+1)9 



Br,^ —B 



«fc --"Ho 



(All balls in the above are centered at (wfc,Wfe).) Similarly, we can show that 
M3/'' < e + CeT^^^. De 
estimates, we finally have 



M3 < e + C£("+i'''. Denote uik = Uki,ki U2k = UkTjk- By combining these 



|M| 
In other words 



iVukl^dxdy— iVuikl^dxdy— \'Vu2k\"dxdy 

R-.+ 1 jR-'+l jR-'+l 



< £ + Ce<"+i)9. 



1= lim / \Vuk\"dxdy — lim / \Vuik\"dxdy+ lim / \'Vu2k\"dxdy. 

k^OoJ^n+l k^OoJ-^n+1 k-tooj^n + l 

It follows from the assumptions at the beginning that 



< 



< 



\u2k\'^dx~[ / \uk\'^dx- / \uik\'^dx 

R" \Jr" JR" 



\ukix, 0)1'^ (g)So{y)dxdy 
\uk{x,y)\'i ® 5a{y)dxdy < e. 



(7) 



Ro<\{x,y)-{wk,w^)\<R^ 



Let ak = /r„ \uikix,0)\''dx, and Pk = /r„ \u2kix,0)\'^dx. By taking a subse- 
quence, if necessary, we may assume that ak -^ a, and j3k -^ P- We can see 
that 

< a, /? < 1 and | /3 - (1 - a) | < e. 



Use the estimates for M to observe that 

(n+l)g 

\\7uik{x,y)\P + \uik{x,y)\ " +\uik{x,0)\'^ (E) So{y)dxdy - X* 

R" + i 



/ \Vu2k{x,y)\P+\u2k{x,y)\^''^ + \u2kix,0)\''®So{y)dxdy - (L - X* 



<e. 



< e. 



We can also see that /p^„+i \\7uik{x,y)\Pdxdy > 7 > for i = 1,2, and 7 a 
positive constant using the Sobolev embedding theorem and the Sobolev trace 
inequahties together with the estimates above. Now we fook at aU the possible 
values for a and (3. They are: 

(a) : afe ^ 0(/?fe ^ 1), (6) : a ^ 0(/3 ^ 1), 
(c) : ak ^ l{f3k ^ 0), (d) : p ^ 0(a ^ 1). 

By exchanging the roles of ak and a with (3k and /3, the cases (c) and (d) reduce 
to the cases (a) and (6) . In the case (a) , it follows from the estimates for M that 
I > 7 + I — e for all small e, which leads to a contradiction that I > 7 + I > I. 
For the case (6), we define !„ as 



inf <^ J{u) 



E / \\7u{x,y)\Pdxdy : [ \u{x,0)\'^dx = a,u e W^'P(R''+^)\ . 

■/r" + i JR" J 

It easily follows from the definition that I = Ii and I^ = a^^'^I. It can be also 
shown that 

I < Iq + Ii_Q for < a < 1. 

This is called Strict Subadditivity. Now, in the case (6), we have I > Iq,+Ii-q — e 
for all small e > which violates the strict subadditivity. This completes the 
proof of this lemma. □ 

Since we have shown that vanishing and dichotomy can not occur, we now 
conclude by Lemma that we have the compactness as follows: there exists a 
sequence {wk,Wk) G R" x R so that for any e > 0, there is i? € (0,oo) such 
that 



i 



\'Vuk{x,y)\Pdxdy+ / \uk{x,y)\ " " dxdy 

\uk{x,0)\''dx < e. (8) 

[-Bfi((t«fc,iDfc))]CnR"x{0} 



Remark 5 We may choose Wk ~ 0. 



Proof : If e < 1, then |wfc| < R. [Otherwise, we would have Bf!^{{wk,'Wk)) C 
R" X (R-{0}), implying 



Uk{x,0)\'^dx < / Pk{x,y)dxdy < e < 1, 

R" ■y[BH((«)fc,u.fc))]CnR"x{0} 

which violates the assumption that Jj^„ \uk{x, Q)\'^dx = 1.] Take {wk^ 0) G R" x 
{0} and replace R by 2R. Then we have the compactness we had before 



Pk{x,y)dxdy < / Pk{x,y) 



dxdy < e. □ 

[S2R(«)fc,0)]C 



We denote by (uk) the new minimizing sequence (uk) defined by Uk{x, y) 
Uk{x + Wk,y) for all {x, y) G R" x R. We may assume that 

Uk ^ u a.e. in R"+^, Uk ^ u a.e. in R" x {0} 

Uk -^ u in W^'P{W+^), Uk -^ u in L«(R" x {0}). 



Lemma 6 (Concentration Compactness III) Let (uk) be a bounded sequence 
in W^'PCR,""^^) such that (|Vufe(x,y)|P) is tight. We may assume Uk ~> u a.e. 
in R"^"'^ and (|Vufe(a;, y)|^) and (|ufc(x, O)!"^ (E) So{y)) converge weakly to some 
bounded nonnegative measures ^,v on R""*"^ and supp (v) C R" x {0}. Then 
(i) There exist some at most countable set C and two families {xi)i,=c of distinct 
points in R", (t'z)/e£ *" (0, oo) such that 



V = |u(x,0)|«(»(5o(y) + Xl^"^(^i. 



0) 



1<£C 



H > |Vu(a;,?/)|P + ^Ii^,(5(j.,^o)- 



l£C 



{a) If u = and fi(R"+^) < I z/(R"+1)p/«, then £ is a singleton and v = 
Cq (5(a;(j_o); '^^'^ M — I c^ '^(2:0,0) for some Cg > 0, and for some Xq G R". 

Proof : We first look at the case u = 0. By the Sobolev trace inequality, we 
have for ip e C^(R"+i) 

f \ip{x,0)uk{x,Q)\'^dx] <!"'/''(/ J^Mx,y)uk{x,yWdxdy) . (9) 

The left-hand side of (|) 

1/9 / /• \ 1/? 

\tp{x,0)uk{x,0)\'^dx] = / \tpix,y)uk{x,0)\'^(E)6o{y)dxdy 



R" / \JR" + i 



a/9 



converges to (/j^„+i WVdv) as fc — > oo. By the fact that (p has compact 
support, (ufe) converges to a.e., and 



|jV((/JWfc)||ip(R„+i) - ||(^(Vufe)||ip(R,„+i) < / \\/if{x,y)Y'\uk{x,y)\Pdxdy 

converges to as A; ^ cx), we have that the right-hand side of (||) converges to 
(/r"+i Mx,y)Y'd^if'^. Taking /c ^ oo in (|) yields for ip € C^(R"+i), 

/ Mx,y)\^d,,) '<I-^/p(f \^ix,y)\PdA ^ 

/r"+i / \JR" + i / 

By applying Lemma to two measures /i and v on R"+^, we obtain the results of 
Lemma o. Now consider the general case that the weak limit u is not necessarily 
0. Let Vk = Uk — u. By applying to (vk) what we have proved for (uk) above 
and using Brezis-Lieb lemma saying that for ip S C^(R") 

/ \(p\''\uk\'^dx- Iv^l'^l^fcl'^da; converges to / \ip\''\u\'^dx, 

JR" JR" JR" 

we have the representation for i> = \u(x, 0)\'' (g) So{y) + X)/e£ '^i^ixifi) for some 
countable set C. We have that for ip £ C5^(R"+^), 

I^/P fj ^^Jp{x,y)\'^\uk{x,y)\'i ^So{y)dxdy^ 

<UMx,y)\P\Vukix,y)\Pdxdy) +Uj_V^{x,y)\P\uk{x,y)\PdxdT}j (10) 

and 

/ \Vip\^\uk\^dxdy converges to / \Vip\P\u\Pdxdy, 

JR"+1 JR" + 1 

since |V(/9| has compact support. Passing to the limit in dlQ), we have 

I'^^i^J^J^l'^di^j '<(^j^Jp\Pd,^ l(^J^jV^nu\Pdxdy^ \ (11) 

Take ip e C^(R"+i) satisfying < ip < 1, ip{0) = 1, and supp ip ^ Bi{0). 
Apply (P^ to ip{^^^^, -), for / e £ and e positive and small enough, to have 



li/Pi^(i?e(a:i,0))^/« 

< tx{B,{xuQ)f^+([ \y[^(l—^y-)]\P\u[x,y)\Pdxdy] . 

\Jb,(xi,o) e e J 

By the Sobolev embedding theorem, we have 

i/p 



(L 



\V[^{^^il)]\P\uix,y)\Pdxdy 
B^ixifl) e e J 



10 



\ (" + 1)9 

< ( / \u{x,y)\^''dxdy] 

'B,{xi,0) J \JB,(xi,0) 



V[^(^,|)] 



n+1 \ n+i 

dxdy 



(" + !), / » s l/(n+l) 

< ( "^' ■ 

lB,(xi,0) 



u{x, y) \^Uxdy j NjVipix, y)r+'dxdy] 

< dI f \u{x,y)\^''dxdy 



(1+1)? 



lB,{xi,0) 

where D is a positive constant. Taking e — > cx) yieWs 

li/^K{(^^0)})i/« < fi{{{xi,0)})^/P, 
then Ii/Pz.//^ < A*({(^i,0)})i/P, 
an(i so, /i > I i^f (5(j;,_o) for l^C. 

Thus, /i > X]iG£-'-'^r "^(^i.o)- Let X^/er-'-^r "(^i-O) = /"I- By the fact that two 
measures fii and |Vu|p are orthogonal, an(i /i > |Vu|p by the weak convergence, 
we conclude that /i > \Vu\p + X^iec I'^f ^^(x,.o) to complete the proof. D 

Lemma 7 u ^ 0. 

Proof : Suppose u = 0. Then (u^) converges weakly to in W^'P{IV^~^^). We 
know that (|Vwfc(a;, j/)|^) converges weakly to /i tightly in the space of measures 
and (|wfc(a;,0)|'(g)(5o(y)) converges weakly to v ( supp(i^) C R" x {0}) from (g). 
We can see that 

/ dfi ^ lini / \'Vuk{x,y)\''dxdy ^I, 

dv = lim / \uk{x,0)\'^ 1^ So{y)dxdy = 1. 

R" + l fc-»ooJj^„+i 

In other words, 

/u(R"+i) = I = Ij/(R"+1). 

By Lemma H, there exists a;o € R", and so that i' = (5(2.q^o) ^nd ^ = 1(5(2.^^0)- 
Then it gives a contradiction saying 

\^Qk{l)> I \ukix,0)\''<»So{y)dxdy^ [ di^ = K5i(xo,0)) = 1, 

^ JBi(xo,0) JBi{xo,0} 

so we complete the proof. □ 

Let Jj^„ \u{x,0)\''dx — /j^„+i |m(x,0)|* ® So{y)dxdy = a. From Lemma 0, 
we have < (a; < 1. Now it is sufficient to show that a = 1 in order to prove 
Theorem y. So suppose a y^ 1. By Lemma |6|, there exist a set £ at most 
countable, {xi)i^c C R" and {i^i)iec G (0, oo) such that 

I' = |u(a;,0)|''(g)(5o(2/) + ^i^;5(a;,,o) (so, l^a + ^j//), 
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lec 



This leads us to a following contradiction: 

la < \\/u{x,y)\^dxdy 

< l{l-^vif'^=laP''' =la. 
lec 

The last inequality holds since X];e£ i'/ = 1 — a 7^ 0. So we conclude that a = 1, 
and this proves that there exists an extremal function for the trace inequality. 
This completes the proof of Theorem y. D 

3 Conjectured extremal function 

Any extremal function for the Sobolev trace inequality satisfies the following 
Eulcr-Lagrange equation: for a positive constant C, 

\ ■ (12) 

|Vu|P-2||_^^|y|g-2^^Q on aR'l+i J 

It can be easily proved that there is no radial function in all the variables in 
{x, y) £ R""*"^ satisfying the equation (n2h due to the boundary condition. As 
a way to identify a function which satisfies (jl^), we will look at a restricted 
class of functions. In particular, we will restrict our attention to the functions 
of conformal factor, [(1 + y)^ + |xp], where {x,y) € R"^^. This means we 
assume an extra symmetry for possible extremal functions for the Sobolev trace 
inequality. This choice of symmetry is not surprising if we look at the extremal 
function for the special case of the Sobolev trace inequality with p — 2. This 
choice also specifies the function on the boundary as a function of [1 + \x\'^]. 
This condition is not at all strict since it suffices to consider radial decreasing 
functions on R" for extremal functions by using a rearrangement technique. J. 
Escobar conjectured the extremal function for the Sobolev trace inequality in 
[^ as [(1 + y)^ + |2:p]~2(p-i) . The following remark will make it clear that it is 
the only possible choice of function for the extremal function. 

Remark 8 (the conjectured extremal for the Sobolev trace inequality) 

Suppose that f is an extremal function for the Sobolev trace inequality and that 
f is a function of [(1 + y)'^ + \x\'^]. We may also assume that f is decreasing in 
\x\, and in y. Then f{x,y) is exactly the same function that was conjectured. 
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Proof : Let f{x,y) = ^{v{x,y)), where $ is a function of one variable and 

v{x,y) = (1 + y)^ + |a;p. This gives the foUowing equations: 

df df 

0(x,2/) ^2[2xp"{v) + ^'{v)] 0(x,y)=2[2(l + y)2$"(^;) + $'(«)], 

where ' denotes the derivative with respect to v. These equations and the fact 
that / satisfies dl2) since / is an extremal function yield 



div{\W f\P-^Wf) = 2P-i|$'|P-2^5-i[2(p- l)$"(w)w + (n + p- l)$'(w)] = 0. 
Since / is not a constant function, we have the equation that $ must satisfy: 

[2{p - l)^"{v)v + {n + p- !)$'(«)] = 0. 
From this, we have 

^ ' ^ ^'^ $'(w) 2{p-l) V 

n+l-p Ti + l-p 

Hence we obtain $(i;) = cow ^(p-i) := co[(l+?;)"+|a;| ] ^(p-i) ^ for some constant 
Co, which can be determined uniquely by the condition that ||/||L<!(Rn) = 1- This 
function is the very function that Escobar conjectured. □ 

The following proposition characterizes this function as the minimizer of the 
Sobolev trace inequality functional when restricted to the class of functions of 
conformal factor. For this we define 



J{lu)= / \Vuix,y)\Pdxdy, 

where u belongs to the admissible set 

A={Lue iy^'P(R"+^) : cj is a function of [(1 + yf + |a;p], and 



+1-P . 



UJ 



{x,0)^coil + \x\T^^^^} 



Proposition 9 Let f be the conjectured extremal function for the Sobolev trace 
inequality. Then 

Jif) ^min J (lu), 
in other words, the infimum of Sf{-) on A is attained at f. 
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Proof : Take any u; G A and consider f — lu. Since / satisfies the equation 
(021), we have 



div(|V/r2v/)(/-,,) = on R!^+i. 
An integration by parts yields 







and there is no boundary term since / — w = on 9R"'^^ by the fact that both 
/ and Lu belong to A. Now Young's inequality gives 

Jif) = f \Wf\Pdxdy= f \Wfr^Wf-Vco)dxdy 
< (1--)/ \Vf\Pdxdy+- f \Vu;\Pdxdy. 



We obtain 



Jif) < J{^) [^ e A). □ 



4 Sobolev trace inequality with p = 1 

In this section, we will treat the Sobolev trace inequality for the case when 
p = 1 (thus q = 1) separately. The existence of the extremal function for the 
Sobolev trace inequality for the case when p — 1 (g = 1) is not guaranteed by 
the argument used for p with 1 < p < n + 1 . This is one of the limit cases of 
the inequality and is closely related to the isoperimetric inequality. 

The Sobolev trace inequality for p = 1 is given by 

\u{x,{))\dx <C I \S/u{x,y)\dxdy 

R" Jr;+i 

for a positive constant C . To find the best constant for this inequality, we look 
at the following quotient: 

(/r;+i \^u{x,y)\dxdyj 
•^^"^ " (/^„Kx,0)|rf^) ' 

where u £ ^"'^'^(R"''' ) and u ^ 0. The best constant I is defined by 

I = inf{J(u) :'aGiyi'i(R';+i), u^O}. 

Define B = {g e W^-\Rl+^) : g > on R![+\ J^^ g{x,0) dx^l}. It is 
sufficient to consider functions in B to compute the best constant, since J(-) is 
dilation invariant and J{u) — J{\u\). Moreover, we will use a rearrangement 
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technique to reduce further the functions to consider to a class of functions with 
a special property. Namely, we will take <i>^ to be the Steiner rearrangement of 
$. Here $5 is symmetric radial decreasing in x, and is decreasing in y. Then 
we know that 

^{x,0)\dx = / \^*s{x,0)\dx 

--;r—{x,y)dydx 

oy 



R" Jo 



< / \V<i>*six,y)\dxdy (13) 

yR" + i 



+ 



< / \V^x,y)\dxdy. (14) 



r;+^ 

By the above observation, it suffices to consider functions in B having the fol- 
lowing property (P): 

(P): g is symmetric radial decreasing in x and decrea sing in y. 
For any function g having the property (P) , the inequality (|l4|) becomes equality. 
It is now clear that mi{J{g) \ g has the property (P), g & B} > 1. 

Theorem 10 

I = mi{J{u) : u e W^'\-K'l+^), M 7^ 0} = 1. 

Proof : We will look at the inequalities above. The inequality (|^ becomes 
equality, since we choose / with the property (P). The question is when the 
inequality (O) becomes equality. For that we require that / satisfy 





dy 


This means that 


I' (- 

dxj 


y)=0 or 



n+l 



\Vf{x,y)\ on R:[- 



R'l+i for j = 1,2,3, ••• ,n. 

From this, we can see that / should be a function of y variable only. On the 
other hand, f{x,0) is a function in L''(R"), so we need some restriction on the 
function. Any function of y with appropriate decay multiplied by a characteristic 
function in the x variable will be an extremal function. The problem is that 
such functions do not belong to Ty^'^(R"^^), which means that the extremal 
function does not exist. However, we can use an approximation argument to 
compute the best constant. Take a function f(x,y) = (f)(y)xB{x), where is a 
positive non-increasing function of y variable and B is the unit ball centered at 
the origin in R". Then we have 

/• /"OC 

\^f{x,y)\dxdy = / \f{x,0)\dx + cTn / (t>iy)dy 
:+i Jr" Jo 
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where ct„ is the surface area of the unit ball in R". If we can make the second 
term in the right hand side go away, then we get the claim we made. Let 
0e(2/) = exp(— ^^). Then J^ (f)g{y)dy — y/e, so that we can make it as small 
as we want. 
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